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SOME RESULTS ON THE SUBADDITIVITY CONDITION
OF SYZYGIES
ABED ABEDELFATAH
Abstract. Let S = K[x1, . . . , xn], where K is a field, and ti denotes
the maximal shift in the minimal graded free S-resolution of the graded
algebra S/I at degree i. In this paper, we prove:
• If I is a monomial ideal of S and a ≥ b − 1 ≥ 0 are integers such
that a+ b ≤ proj dim(S/I), then
ta+b ≤ ta + t1 + t2 + · · ·+ tb −
b(b− 1)
2
.
• If I = I∆ where ∆ is a simplicial complex such that dim(∆) < ta−a
or dim(∆) < tb − b, then
ta+b ≤ ta + tb.
• If I is a monomial ideal that minimally generated by m1, . . . ,mr
such that lcm(m1,...,mr)
lcm(m1,...,m̂i,...,mr)
/∈ K for all i, where m̂i means that
mi is omitted, then ta+b ≤ ta + tb for all a, b ≥ 0 with a + b ≤
proj dim(S/I).
1. Introduction
Let S = K[x1, . . . , xn], where K is a field and let I be a graded ideal of
S and suppose S/I has minimal graded free S-resolution
0→ Fp =
⊕
j∈N
S(−j)βp,j → · · · → F1 =
⊕
j∈N
S(−j)β1,j → F0 = S → S/I → 0.
The numbers βi,j = βi,j(S/I), where i, j ≥ 0, are called the graded Betti
numbers of I, which count the elements of degree j in a minimal generator
of (i + 1)-th syzygy : Syzi+1(S/I) = ker (Fi → Fi−1). Let ti denote the
maximal shifts in the minimal graded free S-resolution of S/I, namely
ti = ti(S/I) := max(j : βi,j(S/I) 6= 0).
We say that I satisfies the subadditivity condition if ta+b ≤ ta + tb, for all
a, b ≥ 0 and a+ b ≤ p, where p is the projective dimension of I.
It is known that graded ideals may not satisfy the subadditivity condition
as shown by the counter example in [3, Section 5.4]. However, no counter
examples are known for monomial ideals. For edge ideals of graphs the
inequality ta+1 ≤ ta + t1 was shown by Ferna´ndez-Ramos and Gimenez [1,
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Theorem 4.1]. The same inequality has been shown later for any monomial
ideal [2, Corollary 4] by Srinivasan and Herzog. Yazdan Pour independently
proved the same result in [4, Corollary 3.5]. Bigdeli and Herzog proved
the subadditivity condition, when I is the edge ideal of chordal graph or
whisker graph [8, Theorem 1]. Some more results regarding subadditivity
have been obtained by Khoury and Srinivasan [5, Theorem 2.3], the author
and Nevo [6, Theorem 1.3] and Faridi [7, Theorem 3.7].
In this paper we prove in Theorem 3.4 that if I is a monomial ideal of S
and a ≥ b− 1 ≥ 0 are integers such that a+ b ≤ proj dim(S/I), then
ta+b ≤ ta + t1 + t2 + · · ·+ tb −
b(b− 1)
2
,
which generalizes the well-known inequality ta+1 ≤ ta + t1.
In Theorem 3.3, we prove that if I = I∆ where ∆ is a simplicial complex
such that dim(∆) < ta−a or dim(∆) < tb−b, then ta+b ≤ ta+ tb. The proof
of both Theorems 3.3 and 3.4 uses a combinatorial topological argument.
In Theorem 4.1, we prove algebraically, using Taylor resolution, that the
subadditivity condition holds when I is a monomial ideal that minimally
generated by m1, . . . ,mr such that
lcm(m1,...,mr)
lcm(m1,...,m̂i,...,mr)
/∈ K for all i, where m̂i
means that mi is omitted.
2. Preliminaries
Fix a field K. Let S = K[x1, . . . , xn] be the graded polynomial ring
with deg(xi) = 1 for all i, and M be a graded S-module. The integer
βSi,j(M) = dimK Tor
S
i (M,K)j is called the (i, j)th graded Betti number of
M . Note that if I is a graded ideal of S, then βSi+1,j(S/I) = β
S
i,j(I) for all
i, j ≥ 0.
For a simplicial complex ∆ on the vertex set ∆0 = [n] = {1, . . . , n},
its Stanley-Reisner ideal I∆ ⊂ S is the ideal generated by the squarefree
monomials xF =
∏
i∈F xi with F /∈ ∆, F ⊂ [n]. The dimension of the face
F is |F | − 1 and the dimension of ∆ is max{dimF : F ∈ ∆}.
For W ⊂ V , we write
∆[W ] = {F ∈ ∆ : F ⊂W}
for the induced subcomplex of ∆ onW . We denote by βi(∆) = dimK H˜i(∆;K)
the dimension of the i-th reduced homology group of ∆ with coefficients in
K. The following result is known as Hochster’s formula for graded Betti
numbers.
Theorem 2.1 (Hochster). Let ∆ be a simplicial complex on [n]. Then
βi,i+j(S/I∆) =
∑
W⊂[n], |W |=i+j
βj−1(∆[W ];K)
for all i, j ≥ 0.
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If ∆1 and ∆2 are two subcomplexes of ∆ such that ∆ = ∆1∪∆2, then there
is a long exact sequence of reduced homologies, called the Mayer-Vietoris
sequence
· · · → H˜i(∆1∩∆2;K)→ H˜i(∆1;K)⊕H˜i(∆2;K)→ H˜i(∆;K)→ H˜i−1(∆1∩∆2;K)→ · · · .
3. The main Theorems
Lemma 3.1. Let ∆ = ∆1 ∪ · · · ∪∆t be a union of subcomplexes. If
H˜j−r+1(
r⋂
m=1
∆im;K) = 0
for all 1 ≤ i1 < · · · < ir ≤ t, then H˜j(∆;K) = 0.
Proof. We prove the assertion by induction on t. It is trivial for t = 1. Let
t = 2. Using the Mayer-Vietoris sequence
· · · → H˜j(∆1;K)⊕ H˜j(∆2;K)→ H˜j(∆;K)→ H˜j−1(∆1 ∩∆2;K)→ · · ·
and the assumptions H˜j(∆1;K) = H˜j(∆2;K) = H˜j−1(∆1 ∩∆2;K) = 0, we
get H˜j(∆;K) = 0.
Let t > 2. Now, we consider the Mayer-Vietoris sequence
· · · → H˜j(∆1;K)⊕H˜j(∆2∪· · ·∪∆t;K)→ H˜j(∆;K)→ H˜j−1((∆1∩∆2)∪· · ·∪(∆1∩∆t);K)→ · · ·
by induction assumption, we have
H˜j(∆2 ∪ · · · ∪∆t;K) = H˜j−1((∆1 ∩∆2) ∪ · · · ∪ (∆1 ∩∆t);K) = 0.
Hence H˜j(∆;K) = 0 as desired.

Proposition 3.2. Let ∆ be a simplicial complex on the set [n] and W ⊆ [n]
such that |W | = ta + s+ l+ 1, where a ≤ proj dim(S/I∆), s ≥ 0 and l ≥ 1.
Then for all A ⊆W with |A| = s′ + l where 0 ≤ s′ ≤ s, we have
H˜ta−a+s(
⋃
B⊆A: |B|=l
(∆[W \B];K)) = 0.
Proof. We prove the proposition by induction on l. Let l = 1. Note that for
all 1 ≤ r ≤ |A|, we have βa,ta+s+2−r(S/I∆) = 0. So
H˜ta−a+s−r+1(∆[W \B1] ∩ · · · ∩∆[W \Br];K) = 0.
for all distinct singleton subsets B1, . . . , Br of A. By Lemma 3.1, we obtain
that
H˜ta−a+s(
⋃
B⊆A: |B|=1
(∆[W \B];K)) = 0.
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Let l > 1 and A = {b1, . . . , bs′ , bs′+1, . . . , bs′+l}. For 1 ≤ j ≤ s
′+1, denote by
Bj the set of all B ⊆ A such that |B| = l, bj ∈ B and {b1, . . . , bj−1}∩B = ∅.
For 1 ≤ j ≤ s′ + 1, let ∆j =
⋃
B∈Bj
∆[W \B]. We have that
⋃
B⊆A: |B|=l
(∆[W \B]) = ∆1 ∪ · · · ∪∆s′+1.
Let 1 ≤ i1 < · · · < ir ≤ s
′ + 1. Denote by W ′ the set W \ {bi1 , . . . , bir} and
by A′ the set A \ {b1, . . . , bir}. Let s = s− r+1 and l = l− 1. We have that
|W ′| = ta + s+ l + 1 and
∆i1 ∩ · · · ∩∆ir =
⋃
B⊆A′: |B|=l
∆[W ′ \B].
By induction hypothesis, we have that
H˜ta−a+s(∆i1 ∩ · · · ∩∆ir ;K) = 0.
By Lemma 3.1 we get
H˜ta−a+s(
⋃
B⊆A: |B|=l
(∆[W \B];K)) = 0.

Now, we prove the main results.
Theorem 3.3. Let ∆ be a simplicial complex on the set [n] and a, b are non
negative integers such that a, b ≤ proj dim(S/I∆). If dim(∆) < ta − a or
dim(∆) < tb − b, then ta+b ≤ ta + tb.
Proof. Without loss of generality, assume that dim(∆) < tb − b. We have
to show that βa+b,ta+tb+r+1(S/I∆) = 0 for all integer r ≥ 0. Let W ⊆ [n] of
size ta+ tb+ r+1 and A be any subset of W with |A| = tb+ r, where r ≥ 0.
Since ∆ does not contains a face of dimension tb − b, it follows that
∆[W ] =
⋃
B⊆A: |B|=b
∆[W \B].
By 3.2 (taking s = s′ = tb − b+ r and l = b), it follows that
H˜ta−a+tb−b+r(∆[W ];K) = 0.

Theorem 3.4. If I is a monomial ideal of S, b ≥ 1 and a ≥ b − 1 are
integers such that a+ b ≤ proj dim(S/I), then
ta+b ≤ ta + t1 + t2 + · · ·+ tb −
b(b− 1)
2
.
Proof. By polarization, we may assume that I is a squarefree ideal, and so
I = I∆, where ∆ is a simplicial complex on [n
′]. First, we prove that
(1) tc+1 ≤ tc + td − d+ 1,
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for all d ≥ 1 and d − 1 ≤ c ≤ proj dim(S/I). Assume on contrary, that
βc+1,tc+td−d+r+2(S/I) 6= 0 for some r ≥ 0. It follows that there exists a
subsetW of [n′] so that |W | = tc+td−d+r+2 and H˜tc−c+td−d+r(∆[W ];K) 6=
0. In particular, proj dim(S/I∆[W ]) ≥ c+ 1.
If deg(m) ≥ td − d + r + 2 for all minimal generator m of I∆[W ], then
β1,x(S/I∆[W ]) = 0 for all x ≤ td − d + r + 1. So βd,x(S/I∆[W ]) = 0 for all
x ≤ td − d+ r + d = td + r. It follows that proj dim(S/I∆[W ]) < d ≤ c+ 1.
This is a contradiction.
We obtain that there is a subset A of W with |A| = td − d+ r + 1 and
∆[W ] =
⋃
B⊆A: |B|=1
∆[W \B].
By 3.2 (taking s = s′ = td − d+ r and l = 1), it follows that
H˜tc−c+td−d+r(∆[W ];K) = 0,
a contradiction.
Now, we prove by induction on 1 ≤ b′ ≤ b that
ta+b′ ≤ ta + t1 + t2 + · · · + tb′ −
b′(b′ − 1)
2
.
The case b′ = 1 follows by (1). Let b′ > 1. By the induction hypothesis, we
have
ta+b′ = t(a+b′−1)+1 ≤ ta+b′−1 + tb′ − b
′ + 1
≤ ta + t1 + · · · + tb′−1 −
(b′ − 1)(b′ − 2)
2
+ tb′ − b
′ + 1
= ta + t1 + t2 + · · ·+ tb′ −
b′(b′ − 1)
2
.

4. The Taylor resolution
Let I be a monomial ideal with G(I) = {m1, . . . ,mr}. For a subset F of
G(I), set lcm(F ) = lcm{mi : mi ∈ F} and define a formal symbol [F ] with
multidegree equal to lcm(F ). Let T0 = S and for each i ≥ 1, let Ti be the
free S-module with basis {[F ] : |F | = i}. Note that Ti is a multigraded
S-module.
Let φ0 : T0 → S/I be the canonical homomorphism and define the multi-
graded differential φi : Ti → Ti−1 by
[F ] 7−→
i∑
k=1
(−1)k−1 ·
lcm(F )
lcm(F \ {mjk})
· [F \ {mjk}]
where F = {mj1 , . . . ,mji}, written with the indices in increasing order.
The free resolution
T : 0 −→ Tr
φr
−→ · · · −→ T1
φ1
−→ T0
φ0
−→ S/I −→ 0
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is called the Taylor resolution of I.
We denote by Ha(T) the a-th homology group, of the chain complex
T : 0 −→ Tr ⊗S K
φr⊗SK−→ · · · −→ T1 ⊗S K
φ1⊗SK−→ T0 ⊗S K −→ 0.
Note that βa,b(S/I) = dimK(Ha(T))b and for all 0 ≤ j ≤ r
Tj ⊗S K ∼= Tj ⊗S S/M ∼= Tj/MTj = T j
where M is the maximal ideal (x1, . . . , xn) of S.
Proposition 4.1. Let I be a monomial ideal with G(I) = {m1, . . . ,mr}. If
there exists 0 6= [F ] ∈ Ha+b(T) such that deg(lcm(F )) = ta+b, then ta+b ≤
ta + tb.
Proof. With out loos of generality, assume that F = {w1, . . . , wa+b} and
G(I) = {m1, . . . ,mr−(a+b), w1, . . . , wa+b}.
Set F1 = {w1, . . . , wa} and F2 = {wa+1, . . . , wa+b}. Since [F ] ∈ kerφa+b, it
follows that lcm(F )lcm(G) /∈ K, for all G ( F . So we have that [F1] ∈ ker φa and
[F2] ∈ ker φb. If [F1] ∈ Imφa+1, then there exist [F1,1], . . . , [F1,s] ∈ T a+1 and
α1, . . . , αs ∈ K such that
[F1] = α1φa+1[F1,1] + · · ·+ αsφa+1[F1,s].
Note that lcm(F1) = lcm(F1,j) for all 1 ≤ j ≤ s, so F1,j ∩ F2 = ∅ for
all 1 ≤ j ≤ s. For all 1 ≤ j ≤ s let F̂1,j = F1,j ∪ F2 and assume that
the elements of F̂1,j are ordered as the order of G(I). We obtain that
[F ] = α1φa+b+1[F̂1,1] + · · · + αsφa+b+1[F̂1,s], which contradicts to the fact
that [F ] /∈ Imφa+b+1. Similarly, [F2] /∈ Imφb+1.
It follows that
ta+b = deg(lcm(F )) ≤ deg(lcm(F1)) + deg(lcm(F2)) ≤ ta + tb.

Corollary 4.2. Let I be a monomial ideal with G(I) = {m1, . . . ,mr}. If
lcm(m1,...,mr)
lcm(m1,...,m̂i,...,mr)
/∈ K for all i, where m̂i means that mi is omitted, then
ta+b ≤ ta + tb.
Proof. Let [F ] be a generator of Ta+b with deg(lcm(F )) = ta+b. By the
assumption, it follows that [F ] ∈ ker φa+b and [F ] /∈ Imφa+b+1. Hence the
assertion follows from Proposition 4.1. 
Example 4.3. Let S = K[a, b, c] and I be the ideal of S which generated by
G(I) = {a4bc, b3c2, c5a3}. Not that
lcm(G(I))
lcm(b3c2, c5a3)
= a,
lcm(G(I))
lcm(a4bc, c5a3)
= b2,
lcm(G(I))
lcm(a4bc, b3c2)
= c3.
So by Corollary 4.2, I satisfies the subadditivity condition.
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